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The spatial scaling laws of velocity kinetic energy spectrum for compressible turbulence flow and
its density-weighted counterpart have been formulated in terms of wavenumber, dissipation rate and
Mach number by using dimensional analysis. We have applied the Barenblatt’s incomplete similarity
theory to both kinetic and density-weighted energy spectrum and showed that, within the initial
subrange, both energy spectrums approach the -5/3 power law of the wavenumber, when the Mach
number M tends to be naught, unity and infinity, respectively.
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INTRODUCTION
Turbulence is considered to be one of the unsolved
problems in classical physics [1–8]. There are two kinds
of turbulence; one is incompressible and another is com-
pressible. In recent years compressible turbulence has
drawn a great deal of attention. Fully developed three-
dimensional homogenous incompressible turbulence has
been studied by Kolmogorov [9–11] who showed its en-
ergy spectrum exhibits k−
5
3 power of wavenumber k in
the inertial subrange. However, the basic processes,
which occur in compressible turbulence are less under-
stood (Aluie [12–14]; Armstrong et al [15]; Cardy, et
al [16]; Chu et al [17]; Federrath, et al [18]; Kritsuk
[1]; Schmidt [20]; Galtier [21]; Wang et al [7, 19] ; Sun
[22, 34]).
Kovasznay (1963) [23] points out that the compress-
ible turbulence problem is characterized by the existence
of acoustic, vortical and entropy modes when in inter-
action with each other. Systematic 2nd-approximation
of these nonlinear interactions was shown by Chu and
Kovasznay (1958) [17]. Lighthill and Whitham (1955)
[24] argue that its energy is continually radiated away in
the form of sound waves, which are ultimately converted
into heat by the various processes of acoustic attenuation.
Therefore, one may visualize the compressibility effects
as acting like a source of energy dissipation in addition
to that, which is provided by viscosity and thermal con-
ductivity (Moiseev, et al. [25]). As the nonlinear effects
become prominent, the sound waves in a compressible
fluid sharpen to form shock waves, while vortex formation
behind the shock waves then produces anisotropic shear
turbulence. The investigation showed that the passage of
a shock wave also results in smaller parallels to the shock
and are compressed in the direction perpendicular to the
shock. The shock formation and the shock interaction
process lead to another source of energy dissipation in
compressible turbulence.
Despite the anisotropy which is caused by the indi-
vidual shock, Kadomtsev and Petviashvili (1973) [26] ar-
gue that the random orientation of the various shocks
leads to the overall isotropy of the turbulent field. Using
a Burgers equation type model, Kadomtsev and Petvi-
ashvili (1973) [26] provide a spectrum for kinetic energy,
which is shown below
E(k) ∼ εc−1k−2. (1)
where c is the speed of sound in the fluid, k is wave
number and ε is the dissipation rate.
Moiseev et al.(1981) [25] applied group-invariance prin-
ciples to the Hopf-type functional formulation of the com-
pressible case, and gave the spectrum of the kinetic en-
ergy, as shown below
E(k) ∼ ρc
2
3γ−1 ε
2γ
3γ−1 k−
5γ−1
3γ−1 . (2)
where ρ is the density of the fluid and γ is the ratio of
specific heats of the fluid.
Shivamoggi[27] asserts that Equation (2) is not com-
pletely correct and proposes a revised spectrum as
E(k) ∼ ρ
γ−1
3γ−1 c
2
3γ−1 ε
2γ
3γ−1 k−
5γ−1
3γ−1 . (3)
However, it is easy to verify that the previous scal-
ing laws, namely Equations (1,2 and 3), have a common
problem with presentation of the speed of sound c and
density ρ, which are supposed to be in the dimensionless
form such as ρ0/ρ or v/c. Therefore, the scaling laws of
the compressible turbulence proposed in the Equations
(1,2 and 3) might be not a proper format and should be
investigated further.
High resolution numerical simulations for supersonic
isothermal turbulence showed the − 53 spectrum of the
density-weighted velocity v = ρ1/3u, where ρ is the den-
sity and u is the velocity (Krituk, et al. [1]; and Schmidt,
et al. [20]). Aluie [12, 13] proved that kinetic energy
cascades conservatively in compressible turbulence, pro-
vided that the pressure-dilatation co-spectrum decays
2at a sufficiently rapid rate, which was supported once
again by numerical simulations (Wang et al. [7]). Re-
cently, for Mach number M near 1 the numerical simu-
lation from (Wang et al. [7]) confirmed that fully devel-
oped three-dimensional compressible turbulence density-
weighted energy spectrums exhibited Kolmogorov’s − 53
power law in the inertial range. Galtier and Banerjee [21]
derived a relation for the scaling of compressible isother-
mal turbulence, and showed only around the sonic scale,
when the local Mach number dropped to unity, and the
density-weighted energy spectrum approached the − 53
power law.
Since the numerical results can only be obtained for a
specific case, there is no way to predict the general scaling
trends on the energy spectrums, alternative ways have
to be proposed. From author’s point of view, there are
three questions that should be answered. The first is how
to predict scaling laws for an arbitrary Mach number.
The second relates to whether the velocity kinetic energy
E(k, ε,M) can still be used to characterise the cascade
of compressible turbulence, and the final question is in
what form the scaling laws of the density-weighted energy
spectrum Eρ(k, ε,M) for an arbitrary Mach number M
will be.
Due to the complicated nature of the compressible tur-
bulence, the above questions may not be fully answered
by numerical simulations, hence alternative ways should
be sought. Although the nature of the compressible tur-
bulence is still not fully understood, we believe that its
physics must satisfy the dimensional laws. The results
in this article show that the dimensional analysis can
certainly capture the overall picture of the compressible
turbulence cascade process, and leads to fairly rich infor-
mation on the phenomena.
One of the most successful applications of dimensional
analysis is for turbulence problem was made by Kol-
mogorov [9–11]. For homogenous incompressible turbu-
lence, Kolmogorov introduced the length, time and ve-
locity scales of the smallest eddies of turbulence, whereas
the smallest scales are given by the Kolmogorov length
η = (ε3/ν)1/4, the energy-dissipation rate ε = 2νsijsij ,
sij =
1
2 (u
′
i,j + u
′
j,i)
2
, and u′i fluctuation of flow veloc-
ity. Kolmogorov states that the large-scale turbulence
motion is roughly independent of viscosity. The small
scale, however, is controlled by viscosity. In the iner-
tial range, turbulence is controlled solely by the dissi-
pation rate ε and the size of eddy k. It is found that
the spatial energy spectrum E(k) can be formulated
in terms of wave number k and dissipation rate ε as
E(k) = ε2/3k−5/3f [(kη)4/3] = CKε
2/3k−5/3, which is the
famous Kolmogorov− 53 law of incompressible turbulence
and f(:) is a dimensionless function.
To make the paper self-contained, the paper is organ-
ised as follows. After this introduction, in Section 2 the
spatial scaling law of the kinetic energy spectrum E of ve-
locity u has been formulated by using dimensional analy-
sis, the scaling laws by using the Barenblatt’s incomplete
similarity theory has been presented, some special cases
of the laws have been obtained. In Section 3 the scal-
ing laws of the density-weighted energy spectrum Eρ of
ρ1/3u has been given by the similar way as in section
2. In Section 4 the discussions on the obtained scaling
laws have been proposed. Finally, section 5 concludes the
paper.
KINETIC ENERGY SPECTRUM OF
COMPRESSIBLE TURBULENCE FOR
VELOCITY
In general, compressible flow deals with fluid density,
which varies significantly in response to a change in pres-
sure that is caused by high flow speed. Compressibility
effects are typically considered to be significant if the
Mach number M of the flow exceeds 0.3. For incom-
pressible fluid there is no need to consider changes in
mass density. However, mass density change is the cen-
tral concern for compressible flow, which must be taken
into account in the formulation.
In order to formulate the compressible turbulence scal-
ing law, Sun [? ] extended Kolmogorov’s assump-
tion from incompressible turbulence to a compressible
case. The idea of this extension stems from the di-
mensional analysis of the lift of a wing, in which the
lift force FL is a function of velocity V , air density ρ,
wing cross section area A, angle of attack α, viscosity
µ, and speed of sound c, which will provide then the lift
FL = f(V,A, ρ, µ, c, α). According to dimensional analy-
sis then, the lift is FL =
1
2ρV
2Af(Re,M,α). This rela-
tion is still valid for any Reynolds Re and Mach number
M .
Dimensional analysis and choice of dimensional
variables for compressible turbulence
Any physical relationship can be expressible in a di-
mensionless form. The implication of this statement is
that all of the fundamental equations of physics, as well
as all approximations of these equations and, for that
matter, all functional relationships between these vari-
ables must be invariant under a dilation of the dimen-
sions of the variables. This is because the variables are
subject to measurement by an observer in terms of units
that are selected at the arbitrary discretion of the ob-
server. It is clear that a physical event cannot depend on
the particular ruler, which is used to measure space, the
clock is used for time, and the scale is used to measure
mass, or any other standard of measure that might be
required, depending on the dimensions that appears in
the problem. This principle is the basis for a powerful
3method of reduction, which is called dimensional anal-
ysis, and is useful for the investigation of complicated
problems. (Bridgman [28]; Sedov [29]; Barenblatt [30];
Cantwell [31]; Sun [32]).
Often, dimensional analysis is conducted without any
explicit consideration for the actual equations that may
govern a physical phenomenon. Only the variables that
affect the problem are considered. in fact, this is little
deceiving. Inevitably, the choice of the variables is inti-
mately connected to the phenomenon itself and, there-
fore, is always connected to, and has implications for
the governing equations. The most complex problems
in dimensional analysis tend to be filled with ambiguity,
particularly regarding the choice of variables that gov-
ern the phenomenon in question. The success or failure
of dimensional analysis depends entirely on the choice
of dimensioned physical variables that are relevant to
the problem. This constitutes the art of dimensional
analysis. Applied intelligently with a deep knowledge
of the problem, may yield important and profound re-
sults. Applied blindly, dimensional analysis can easily
lead to nonsense.((Bridgman [28]; Sedov [29]; Barenblatt
[30]; Cantwell [31]; Sun [32]).
From a physics point of view, dimensional analysis is
an universal method, which can, of course, be used for the
study of compressible turbulence. The difference between
incompressible turbulence and its compressible counter-
part is that flow mass density ρ will no longer be a con-
stant, because in the compressible case of, the mass den-
sity changes as a result of a high speed that will generate
shock waves and some of the interactions mentioned in
above. Our believe is that no matter how complex the
compressible turbulence, as long as we can capture all the
primary variables of the problem, then we can formulate
it by way of dimensional analysis.
In 1941 the Russian statistician, A. N. Kolmogorov,
published three papers (Kolmogorov [9–11]) that provide
some of the most important and most-often quoted re-
sults of incompressible homogeneous turbulence theory.
These results comprise what is now referred to as the K41
theory, and represent a major success of the statistical
theories of turbulence. This theory provides a prediction
for the energy spectrum of a 3D isotropic homogeneous
turbulent flow. Kolmogorov proved that even though the
velocity of an isotropic homogeneous turbulent flow fluc-
tuates in an unpredictable fashion, the energy spectrum
(how much kinetic energy is present on average at a par-
ticular scale), is predictable.
In the initial subrange the K41 theory assumes that the
spectrum E, at any particular wave number, k depends
only on the dissipation rate ε, namely, E = f(k, ε).
Due to the great success of the Kolmogorov theory, it
would be natural to attempt to extend the Kolmogorov
idea to compressible turbulence. As we know, the basic
difference between incompressible and compressible flow
concerns the compressibility of mass-density ρ. By taking
into account the mass-density ρ or the Mach number M ,
we can extend Kolmogorov’s assumption to compressible
turbulence as follows:
In the inertial range the compressible turbulence energy
spectrum E is not only controlled by the dissipation rate
ε and the wave number k, but also by the fluid density ρ
(or the Mach number M).
In the extended Kolmogorov assumption, there are two
sets of variables in the formulation, namely one that in-
cludes a mass density ρ and the other that has Mach
number M .
The set I : For the first set there are six variables: E
the energy spectrum; ε dissipation rate; k wave number;
ν kinematic viscosity; ρ the current mass density; and ρ0
the local ”reservoir values” of mass density or stagnation
density (Liepmann and Roshko [33]).
All primary dimensions of Set I are listed in the TableI.
TABLE I: The primary dimensions list of set I
E ν ε k ρ ρ0
L3t−2 L2t−1 L2t−3 L−1 mL−3 mL−3
From Liepmann and Roshko [33], the density ration ρ0ρ
and velocity ration vc ≡ M has a relationship
ρ0
ρ = [1 +
γ−1
2 (
v
c )
2]
1
γ−1 , where γ =
cp
cv
is the ratio of heat capacities.
This means that the two ratios are dependent, we can use
either ρ0ρ or
v
c in the formulation. Then we have the set
II of dimensional variables.
The Set II : For the 2nd set there are six variables: E
the energy spectrum; ε dissipation rate; k wave number;
ν kinematic viscosity; the mass density and its reservoir
values can be replaced by fluid velocity v and the speed
of sound c.
All primary dimensions of Set II are listed in the Ta-
ble.II.
TABLE II: The primary dimensions list of set II
E ν ε k c v
L3t−2 L2t−1 L2t−3 L−1 Lt−1 Lt−1
Scaling laws based on set I of dimensional variables
According to the Buckingham Π theorem (Bridgman
[28]), the energy spectrum E can be expressed as the
function of (ν, ε, k, ρ0, ρ)
E = f(ν, ε, k, ρ0, ρ). (4)
Within the six variables, there are three basic units,
namely time t, mass m and length L. We can choose
three repeating variables, namely wavenumber k, dissi-
pation rate ε, and density ρ; the dependent variables is
the energy spectrumE, the kinematic viscosity ν and ρ0.
4From the Buckingham Π theorem of dimensional anal-
ysis, we have three dimensionless variables, namely Π1 =
Eε−3/2k5/3, Π2 = νε
−1/3k4/3, and Π3 = ρ0ρ
−1, then
we have the scaling law of the energy spectrum Π1 =
f(Π2,Π3), that is
E(k, ε, ρ) = ε2/3k−5/3f [(kη)4/3, ρ0ρ
−1]. (5)
Scaling laws based on set II of dimensional variables
If we use the fluid velocity v and sound speed c instead
of the mass density, we have the second set of variables
(E, ν, ε, k, c, v), as well as another version of Equation(4)
as follows
E = f(ν, ε, k, c, v). (6)
Hence, we can have a set of corresponding dimension-
less Π which is Π1 = Eε
−3/2k5/3, Π2 = νε
−1/3k4/3, and
Π3 = v/c = M , whereM = v/c is the Mach number, and
the scaling law of the energy spectrum can be expressed
in terms of Mach number as Π1 = f(Π2,Π3), so E(k,M)
E(k, ε,M) = ε2/3k−5/3f [(kη)4/3,M ]. (7)
E(k, ε,M) in Equation(7) is actually equivalent to
E(k, ε, ρ) in Equation (5), because the ratio of density
in equation(5) can be expressed in terms of Mach num-
ber as ρ0ρ = [1+
γ−1
2 M
2]
1
γ−1 . Hence, the energy spectrum
equation(5) can be rewritten as the function of the Mach
number equation(7).
It should be pointed out that the dimensionless func-
tion f(x, y) cannot be completely determined by only
dimensional analysis, which should be finalized by other
ways such as numerical or experiments.
Scaling laws based on incomplete similarity
For incompressible turbulence, we can further simplify
Equation(7). According to the Kolmogorov’s assump-
tion (1941a, 1941b), in the inertial sub-range the term
kη → 0, so for the finite value of the Mach number M ,
the function is f [(kη)4/3,M ] → f(0,M). Kolmogorov
assumed that in the limits kη → 0, the function f(0, x)
simply assumes the constant value of CK . In other words,
there is complete similarity with respect to the variables
kη → 0, and hence we have E(k) = CKε
2/3k−5/3. This is
the famous Kolmogorov − 53 spectrum, one of the corner-
stone of turbulence theory. CK is a universal constant,
the Kolmogorov constant, experimentally found to be ap-
proximately 1.5.
However, for the compressible turbulence the existence
of the limit of f(x,M) as x → 0 is a question owing to
intermittency – the fluctuations of the energy dissipation
rate about its mean value ε. According to Barenblatt[30],
the incomplete similarity in the variable kη would require
the nonexistence of a finite and nonzero limit of f(x,M)
as x→ 0.
To obtain more information from equation (7), let us
use Barenblatt’s incomplete similarity theory[30] to sim-
plify the function f(x, y). For this purpose, we propose
two hypotheses for compressible turbulence, as shown be-
low.
First hypothesis : There is incomplete similarity regard-
ing the energy spectrum E(k, ε,M) in the parameter kη
and no similarity in the Mach number M .
Second hypothesis : The energy spectrum E(k, ε,M)
tends to be a well-defined limit as the viscosity tends to
be very small but not zero.
In terms of the first hypothesis, for a largeM , the func-
tion f(x, y) could be assumed to be the power function
of its argument kη, while there is no kind of similarity in
M , as follows
f(kη,M) = A(M)[(kη)4/3]B(M). (8)
Then we arrive at the energy spectrum relation
E(k, ε,M) = ε2/3k−5/3A(M)[(kη)4/3]B(M), (9)
where A(M) and B(M) are a function of the Mach num-
ber, and B(M) is the so-called intermittency exponent.
Using a similar approach proposed by Barenblatt [30],
the B(M) can be further simplified to a linear form
B(M) = α + βǫ, where α, β should be determined by
constants, and the asymptotic parameter ǫ is a function
of the March number vanishing when M →∞. Then we
have
E(k, ε,M) = ε2/3k−5/3A[(kη)4/3]α+βǫ. (10)
Applying the second hypothesis, a well-defined limit of
E(k, ε,M) exists only if α = 0. Applying the mathematic
identity xa = ea ln x to equation (10)), then we have
E(k, ε,M) = ε2/3k−5/3Ae4(βǫ ln kη)/3. (11)
In Equation(11), when viscosity vanishes kη → 0, then
ln kη → −∞. If ǫ tended to be zero as M → ∞ faster
than 1lnM , then the exponent would tend to be zero and
we would return to the case of complete similarity, which
should not be the case in terms of compressible turbu-
lence. However, if ǫ tends to be zero and is slower than
1
lnM , a well-defined limit of the energy spectrum will not
exist, which will violate the second hypothesis. There-
fore, the only choice, that is compatible with the hy-
potheses must be
ǫ =
1
lnM
. (12)
The similar result was firstly obtained by Baren-
blatt [30]for the boundary turbulence flow, where the
5small perturbation parameter is ǫ = 1lnRe , where Re is
Reynolds number. Sun (2015a, 2015b) extended this idea
to compressible turbulence.
Therefore, the Equation(11) would be in the form of
E(k, ε,M) = ε2/3k−5/3A[(kη)4/3]β/ lnM . (13)
Substitute the Kolmogorov length η = (ε3/ν)1/4 into
Equation(13), we have
E(k, ε,M) = ε2/3k−5/3A[(k(ε3/ν)1/4)4/3]
β
lnM , (14)
or it can be rewritten as in a compact form as
E(k, ε,M) = Cε(
2
3
+ β
lnM
)k(−
5
3
+ 4β
3 lnM
), (15)
where the coefficient is
C = Aν−
β
3 lnM , (16)
in which C appears to be the inversely proportional to
the lnM .
For a large but not infinite Mach number, the Equation
(15), together with equation (16), is the Barenblatt-type
incomplete scaling law for compressible turbulence. The
modified exponents C represent the intermittency of the
process, and the C and β must be determined by either
numerical or experimental data at a given Mach number.
The formulations, which are presented in this section
provide answers to the first and second questions men-
tioned in introduction section.
Scaling laws of some special cases
Despite the unknown constants of A and β, the Equa-
tions (15) and (16) can still yield fairly rich information
on how the kinetic energy varies with the wavenumber
and the dissipation rate. Although the Equation(15) was
formulated for a large Mach number due to the nature
of lnM in Equation (12), we surprisedly found that it is
still valid for quite a wide range of Mach number M .
With the modified scaling law in Equation(15), we can
also obtain scaling laws for the following four limit cases:
(i). incompressible turbulence M = 0; ii). sonic turbu-
lence M = 1; iii). supersonic turbulence; and iv. hyper-
sonic turbulence.
i. The Mach number is zero, hence lnM → ∞, so for
any β the exponents 23+
β
lnM →
2
3 and −
5
3+
4β
3 lnM → −
5
3 ,
the Equation(14) can be reduced to
E(k, ε,M)|M=0 = E(k, ε, 0) = Aε
2/3k−5/3. (17)
According to the Kolmogorov− 53 power scaling laws of
incompressible turbulence, the constant A is equal to the
Kolmogorov universal constant CK , i.e., A = CK = 1.5.
ii. For sonic turbulence M = 1, then lnM = ln 1 = 0,
so in order to have a well-defined limit energy spectrum,
the parameter β must be zero, that is β = 0. The equa-
tion(14) is reduced to the − 53 power law
E(k, ε,M)|M=1 = E(k, ε, 1) = Aε
2/3k−5/3, (18)
in which A must be determined by using other ap-
proaches.
iii. In the case of hypersonic turbulence M → ∞,
lnM →∞, then (23 +
β
lnM )→
2
3 and −
5
3 +
4β
3 lnM → −
5
3 ,
the equation(14) can be reduced to
E(k, ε,M) = Aε2/3k−5/3. (19)
in which A must be determined by using other ap-
proaches.
iv. In the case of supersonic turbulence, the Mach
numberM tends to a big given numberMG and β is given
by β = − 14 lnMG, then (
2
3 +
β
lnMG
) = 512 and B(MG) =
− 53+
4β
3 lnMG
= − 53−
1
3 = −2, therefore the kinetic energy
spectrum becomes
E(k, ε,M) = Aν1/12ε5/12k−2, (20)
in which the exponent 2 is bigger than 53 (the Kolmogorov
scaling) indicates this case is significantly steeper than
Kolmogorov scaling. The obtained scaling law of k−2 in
(33) is very close to the scaling law of k−1.95 by Kritsuk
et al. [1]. Furthermore, our Equation (33) also provide
the dissipation ratio scaling law as ε5/12, which has not
been reported ever before.
Generalization of Kritsuk’s scaling laws
As we indicated before, the dimensional analysis can
only give an universal result, however, some constants
in the result can only be determined by other methods.
In Equation (15), there is two unknown adjustable con-
stants β and A, which should be determined by other
approaches.
We can use the numerical results from the famous work
done by Kritsuk et al. [1] to determine the constant β.
The scaling law of k−1.95 obtained numerically by Kritsuk
et al. [1] at Mach number M = 6, that is MG = 6, then
we have a good reason to set the constant as
−
5
3
+
4β
3 lnMG
≈ −2, which is close to -1.95 (21)
which gives
β = −
1
4
(lnMG)|MG=6 = −
1
4
ln 6 = −0.448. (22)
With the constant β, the parameter B(M) is given by
B(M) = −
5
3
−
1
3
ln 6
lnM
. (23)
6Having the β, we can determined the constant A with
the help of the Kolmogorv universal constant CK , which
experimentally was determined to be CK = 1.5. The idea
to find the A is that the constant C = Aν
ln 6
12 lnM should
be equal to CK in the limits of ν → 0 and M → 0.
Set y = ν
ln 6
12 lnM , then ln y = ln 612
lnM
ln ν , its limit is
lim
ν→0,M→0
ln y = ln 612
d lnM
dM
d ln ν
dν
= ln 612
1/M
1/ν =
ln 6
12
ν
M =
ln 6
12 ≈ 0.14931289.
(24)
Then we have y = e0.14931289 = 1.161, which lead the
constant A = CK/y = 1.5/1.161 = 1.2919.
Hence, we can predict the scaling law of compressible
turbulence as follows
E(k, ε,M) = 1.2919ν
ln 6
12 lnM ε(
2
3
−
1
4
ln 6
lnM
)k(−
5
3
−
1
3
ln 6
lnM
).
(25)
This expression is a generalization based on the work of
Kritsuk et al [1]. To appreciate Kritsuk et al [1] great
contributions to the compressible turbulence, we propose
formula (25) is called Kritsuk’s scaling laws.
The scaling laws (25) is valid for wide range of the
Mach number M . It is clear for the incompressible tur-
bulence that the exponent ln 6lnM → 0 and ν
ln 6
12 lnM → 1.161
whenM → 0, ν → 0, the E(k, ε,M) should be almost in-
dependent from ν for any fixed k belonging to the inertial
range, that is, E(k, ε,M)→ E(k, ε)
E(k, ε) = 1.5ε
2
3 k−
5
3 . (26)
It is not surprise to see that the first scaling law of the
expression (26) is the well known Kolmogorov (K41) scal-
ing law for incompressible turbulence which has been pre-
sented in the introduction section.
The exponent index B(M) of k is plotted as in Figure
1. From B(M), it is easy to see the tangent of Log-curve
FIG. 1: Curve of B(M) = − 5
3
−
1
3
ln 6
lnM
.
between lnE and ln k: for 0 < M < 0.69, the tangent is
negative; for 0.69 < M < 1, the tangent is positive and
for 1 < M <∞, the tangent is negative. For a big Mach
number, the B(M) tends to be a constant − 53 .
KINETIC ENERGY SPECTRUM OF
COMPRESSIBLE TURBULENCE FOR THE
DENSITY-WEIGHTED VELOCITY
Due to the density change of compressible turbulence,
as a tradition, the numerical simulations usually use the
density-weighted velocity v = ρ1/3u instead of velocity
u, where ρ is the density and u is the velocity.
The corresponding density-weighted energy spectrum
Eρ can be expressed as
Eρ = F (ν, ε, k, ρ,M), (27)
All primary dimensions are listed in the Table III.
TABLE III: The primary dimensions list
Eρ ν ε k ρ M
m1/3L2t−2 L2t−1 L2t−3 L−1 mL−3 1
The problem has six parameters and three primary di-
mensions (m,L, t), and according to the Buckingham Π
theorem of dimensional analysis, we will have three Π as
Π1 = Eρρ
−1/3ε−2/3k5/3 and Π2 = (kη)
4/3, Π3 = M and
relationship Π1 = f(Π2,M), ie.
Eρ(k, ε,M) = ρ
1/3ε2/3k−5/3F ((kη)4/3,M). (28)
Equation shows the density-weighted energy spectrum
Eρ has the same power exponents as E.
In the same way, the Barenblatt’s incomplete similarity
theory [30] can also be applied to Equation (28), which
will lead to similar results as before, namely
Eρ(k, ε,M) = Cρρ
1/3ε(
2
3
+
βρ
lnM
)k(−
5
3
+
4βρ
3 lnM
), (29)
where the constants Aρ, βρ and coefficient Cρ =
Aρν
−
βρ
3 lnM .
For different scenario of Mach number M , we can de-
rive some scaling laws as follows:
i. The Mach number is zero, hence lnM → ∞, so for
any β the exponents 23+
β
lnM →
2
3 and −
5
3+
4β
3 lnM → −
5
3 ,
the Equation(14) can be reduced to
Eρ(k, ε,M)|M=0 = Eρ(k, ε, 0) = Aρρ
1/3ε2/3k−5/3. (30)
ii. For sonic turbulence M = 1, then lnM = ln 1 = 0,
so in order to have a well-defined limit energy spectrum,
the parameter β must be zero, namely β = 0. The equa-
tion(14) is reduced to the − 53 power law
Eρ(k, ε,M)|M=1 = Eρ(k, ε, 1) = Aρρ
1/3ε2/3k−5/3, (31)
in which Aρ must be determined by using other ap-
proaches.
iii. In the case of supersonic turbulence, the Mach
number M tends to a big given number MG, which
satisfies (23 +
β
lnMG
) = 13 , then β = −
1
3 lnMG and
7− 53 +
4β
3 lnMG
= − 53 −
4
9 = −
19
9 , therefore the kinetic
energy spectrum becomes
Eρ(k, ε,M) = Aρν
1/9ρ1/3ε1/3k−
19
9 , (32)
which is same as the scaling law of k−
19
9 obtained by
Galtier and Banerjee [21] for density-weighted energy
spectrum. In the same time, our Equation (32) also pro-
vide the dissipation ratio scaling law as ε1/3, which has
not been reported ever before.
iv. In the case of supersonic turbulence, the Mach
numberM tends to a big given numberMG and β is given
by β = − 14 lnMG, then (
2
3 +
β
lnMG
) = 512 and B(MG) =
− 53+
4β
3 lnMG
= − 53−
1
3 = −2, therefore the kinetic energy
spectrum becomes
Eρ(k, ε,M) = Aρρ
1/3ν1/12ε5/12k−2. (33)
v. In the case of highly compressible ( M → ∞),
2
3 +
βρ
lnM →
2
3 and −
5
3 +
4βρ
3 lnM → −
5
3 , Equation (29)
can be simplified to
Eρ(k, ε,M) = Aρρ
1/3ε2/3k−5/3. (34)
The scaling laws demonstrated in Equation (34) was
confirmed by numerical simulation by Wang [7, 19]as il-
lustrated in the Figure 2. The data of Figure 1 was
taken from Wang [19] and reformatted, where Eρ =
E(k, ρ) is total kinetic energy, and Ecρ = E
c(k, ρ) and
Esρ = E
s(k, ρ) are compressible and solenoidal parts of
the E(k, ρ), their relationship is E(k, ρ) = Ec(k, ρ) +
Es(k, ρ).
FIG. 2: Density-weighted energy spectrum of compressible
turbulence (Wang [19]).
The CK was determined by curve fitting as CK = 1.5,
which is close to the Kolmogorov universal constant.
Equation (34) indicates that a density-weighted energy
spectrum in k−5/3 may still be preserved at small scales
(kη → 0) if the density-weighted fluid velocity v = ρ1/3u,
is used. This conclusion was firstly mentioned by Wang
et al [7].
It might be worth noting that the relationship between
the kinetic energy spectrum E(k, ε,M) and its density-
weighted counterpartEρ(k, ε,M) can be established from
Equations (5), (7) and (28) as
Eρ(k, ε,M)
E(k, ε,M)
= ρ1/3
F (kη,M)
f(kη,M)
. (35)
where the functions F (kη,M) and f(kη,M) are differ-
ent from each other, and in general their ratio is not a
constant.
At small scales (kη → 0) and in a limited case of com-
plete compressibility, M → ∞ , if the ratio in Equation
(35) does exist, becomes
Eρ(k, ε,M)
E(k, ε,M)
→ λρ1/3. (36)
From numerical simulation at Mach number close to 1
carried by Wang [19], the coefficient λ can be estimated
as λ ≃ 1.
The relation (36) answerer the question in Section
1: the compressible turbulence can be characterised
by the ρ1/3u density-weighted kinetic energy spectrum
Eρ(k, ε,M), as well as by the u kinetic energy spectrum
E(k, ε,M).
The formulation in this section shows that the density-
weighted kinetic energy spectrum can be obtained by di-
mensional analysis.
DISCUSSIONS
This article proposes spatial scaling laws of the kinetic
energy spectrum E(k, ε,M) of compressible turbulence
flow and its density-weighted counterpart Eρ(k, ε,M) in
terms of wavenumber k, dissipation rate ε and Mach
number M . The study shows that the compressible
turbulence kinetic energy spectrum and the density-
weighted energy spectrum does not behaves in complete
similarity, but rather in incomplete similarity, as in Equa-
tions (15) and (28), and both energy spectrums in k−5/3
may still be preserved at small scales (kη → 0) for com-
pressible turbulence.
Why can the energy spectrum in k−5/3 still be pre-
served? As we knows, in compressible turbulence, the
kinetic energy spectrum can be decomposed into com-
pressible and solenoidal parts: E = Ec + Es = cck−2 +
csk−5/3 = k−5/3(cck−8/9+cs), in which the compressible
energy spectrum Ec = cck−2 and the solenoidal energy
spectrum Es = csk−5/3, cc and cs are constants.
There are nonlinear interactions between solenoidal
and compressive modes of velocity fluctuations. The nu-
merical simulations showed that the compressive kinetic
energy Ec and its solenoidal counterpart Es follows dif-
ferent cascade scaling laws [7, 19]. The compressible ki-
netic energy Ec cascade follows k−2 power laws of the
wave number, and the solenoidal Es follows the k−5/3
power laws. This means that the solenoidal Es domi-
nates the energy spectrum for the wavenumber within
84 ≤ k ≤ 20 as stated in Wang et al.(2013), that is
E = Ec + Es = k−5/3(cck−8/9 + cs) ≈ csk−5/3, and
will overall lead the total kinetic energy spectrum E to
exhibit of a − 53 scaling as stated by Wang [7].
CONCLUSIONS
In order to predict scaling laws of compressible turbu-
lence, we applied dimensional analysis to the problem.
The following scaling laws were obtained.
(1) The scaling laws of energy spectrum based on ve-
locity u is
E(k, ε,M) = ε2/3k−5/3f [(kη)4/3,M ]
which can be estimated as
E(k, ε,M) = 1.5ν
ln 6
12 lnM ε(
2
3
−
1
4
ln 6
lnM
)k(−
5
3
−
1
3
ln 6
lnM
)
(2) The scaling laws of density-weighted energy spectrum
Eρ(k, ε, ρ) based on density-weighted velocity ρ
1/3
u is
Eρ(k, ε,M) = ρ
1/3ε2/3k−5/3F [(kη)4/3,M ]
which can be further simplified as
Eρ(k, ε,M) = Aρρ
1/3ν−
βρ
3 lnM ε(
2
3
+
βρ
lnM
)k(−
5
3
+
4βρ
3 lnM
)
(3) The intrinsic relationship between the E(k, ε,M)
and Eρ(k, ε,M) is
Eρ(k, ε,M)
E(k, ε,M)
= ρ1/3
F (kη,M)
f(kη,M)
Theoretically, this paper formulated the scaling laws for
compressible turbulence flow by using Barenblatt’s in-
complete similarity theory. The predicted relations may
benefit the understanding of compressible turbulence. It
might be worth to mentioning that the scaling laws pro-
posed in this article should be verified again by experi-
ments and more numerical simulations.
The methodology proposed in this paper can be used
for other problem, such as, the temporal scaling laws of
turbulence [34].
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